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1 Introduction 

Let 5 be a smooth compact arithmetic quotient of a two-dimensional hermi- 
tian symmetric domain, and suppose that S contains an arithmetic Fuchsian 
curve, i.e., a totally geodesic holomorphic immersion of a smooth projective 
curve of genus g >2. In this paper, we will show that there is a connected 
divisor D on S with all irreducible components Fuchsian curves such that 
the fundamental group of D generates a subgroup of finite index in the 
fundamental group of S. This is an example of the principle that one can 
understand the geometry of higher dimensional manifolds via their totally 
geodesic submanifolds; for other examples see [25l EJ [23l [I9l (Tj [2| [27]. 

One consequence of our results is the following structure theorem for the 
Albanese varieties of arithmetic complex hyperbolic 2-manifolds. 

Theorem 1.1. Let T < SU(2, 1) be a torsion free cocompact arithmetic 
lattice of simple type (see ^2. 3\) . There exists r > 1 and Fuchsian curves 
Ci, . . . ,Cr on S = r\H^ such that if the Albanese variety Alb(5) is non- 
trivial, then every simple factor of Alb(5) is isogenous to a factor of the 
Jacobian of the normalization Cj of (at least) one of the curves Cj. 

JJ. 

Here CJ is the quotient of the upper half plane by the maximal Fuchsian 
subgroup of r determined by the totally geodesic curve Cj. 
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If r is a congruence arithmetic lattice of simple type, Gelbart and Ro- 
gawski [8j proved that the first cohomology group of r\H£, which determines 
Alb(r\H£), arises from the theta correspondence. Murty and Ramakrish- 
nan then used Falting's work on the Mordell conjecture in ^20j to show that 
the simple factors of Alb(r\H£) are, in fact, CM abelian varieties. This 
gave a positive answer to a question of Langlands. 

Theorem 11.11 provides information of a different nature about Alb(r\H^) 
for both congruence and noncongruence F, namely that Alb(r\H£) is built 
from the Jacobians of Fuchsian curves on F\X. By work of Kazhdan in [14] . 
one can always find elements in the commensurability class with nontrivial 
Albanese variety, and there are always noncongruence groups in the com- 
mensurability classes under consideration. It would be interesting to know 
whether or not the factors which appear for noncongruence F must also have 
complex multiplication. 

For a divisor D = '^ajCj, where aj > and the Cj are distinct and 
irreducible, let \D\ be the compact analytic subspace of the complex points 
of S determined by the union of the spaces defined by the Cj . We now give 
a precise statement of our main result. 

Theorem 1.2. Let G he SL2(M) x SL2(M) or SU(2, 1) with corresponding 
hermitian symmetric space X , and let T be a cocompact arithmetic lattice in 
G. Assume that the complex algebraic surface S = V\X contains a holomor- 
phically immersed totally geodesic projective algebraic curve. Then there ex- 
ist finitely many such curves Gi, . . . ,Gr C S and positive integers qi, . . . , 
such that: 

1. The divisor D = ^ajGj is a connected effective divisor on S. 

2. The image ofTTi{\D\) in F under the natural homomorphism is a finite 
index subgroup. 

See the remark at the end of f|3]for a discussion of how one can bound the 
number of curves in Theorem 11.21 from above. The arithmetic assumption 
is actually superfluous for SL2(M) x SL2(M). Indeed, nonarithmetic lattices 
are reducible by Margulis's Arithmeticity Theorem |17j . and Theorem 11.21 
is easy to prove for reducible lattices, which contain a direct product of 
two Fuchsian groups with finite index. Therefore, we implicitly assume 
throughout this paper that lattices in SL2(M) x SL2(M) are irreducible. 

We now outline the rest of the paper. In ^ we describe the arithmetic 
of the lattices under consideration. Important for us is the existence of 
infinitely many commensurability classes of Fuchsian curves on the arith- 
metic surfaces under consideration. Since it does not seem to appear in 
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the literature, we give an explicit parameterization of Fuchsian subgroups 
of arithmetic lattices in SL2(M) x SL2(M) and SU(2, 1) associated with holo- 
morphically immersed totally geodesic curves. In both cases, we give our 
parameterization in terms of the well-known description of arithmetic Fuch- 
sian groups via quaternion algebras; see e.g. [251 [TB] . 

We prove Theorem 11.21 in ^ where we construct a collection of Fuchsian 
curves that allows us to apply a Weak Lefschetz Theorem. Weak Lefschetz 
Theorems go back to Nori's work on Zariski's conjecture [22j, but the ver- 
sion we apply is due to Napier and Ramachandran pTJ. See also [5]. Our 
application to Albanese varieties of complex hyperbolic manifolds is proven 
in SI 
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2 Arithmetic of lattices acting on hermitian sym- 
metric spaces 

2.1 Generalities on lattices 

Let G be a semisimple Lie group with finite center and associated symmetric 
space X of noncompact type. Then X is called Hermitian symmetric when 
it carries a G-invariant complex structure ITS', Chapter VIII]. The quotient 
of X by any cocompact lattice F in G is a projective algebraic variety [T], and 
T\X is a smooth variety when F is torsion free. Suppose if is a semisimple 
Lie subgroup of G with finite center and associated symmetric space Y. 
There is then a totally geodesic embedding Y ^ X, and the closed totally 
geodesic subspaces of T\X arise from the subgroups H of this kind such 
that F n is a lattice in H; see ^ §1.4]. 

Now suppose that Kq is a number field and that Q is a iTo-algebraic group 
such that Q {Kq (g)Q M) modulo compact factors is isomorphic to G (see [301 
§3.6] for definitions). Let F be an arithmetic lattice commensurable with 
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the lattice of i^'o-integral points of G. Then connected totally geodesic sub- 
manifolds of r\X are determined by the semisimple i^-algebraic subgroups 
% olQ for some field F C Kq, and rn'H(M) is an arithmetic lattice in T-L^K). 

The cases of interest here are where G is either SL2(M) x SL2(M) or 
SU(2,1), and we recall the construction of arithmetic lattices in SL2(M) 
and SL2(M) x SL2(M) in 322] and consider SU(2, 1) in g231 The respective 
hermitian symmetric domains are the product x of two hyperbolic 
planes or the complex hyperbolic plane H^. 

The possible holomorphically embedded totally geodesic curves are pro- 
jective Fuchsian curves, that is, quotients of by cocompact lattices in 
SL2(M). Note that the holomorphic isometry group Isom/j(H^) of is nat- 
urally isomorphic to PSL2(M) = PU(1,1). By a cocompact Fuchsian group, 
we will mean a discrete subgroup of any of the groups SL2(M), PSL2(M), 
U(l, 1), SU(1, 1), or PU(1, 1) such that the image in Isom/j(H^) is a cocom- 
pact lattice. See [28] and [16J for an account of the basic theory of arithmetic 
Fuchsian groups. We also give a complete classification of the possible arith- 
metic Fuchsian subgroups determined by holomorphically embedded totally 
geodesic projective curves on compact arithmetic quotients of x and 

in ^ ^2.2112.3} these classifications to not appear to be in the literature. 

2.2 Lattices in SL2(M)" acting on (H^)" for 1 < n < 2 

We recall from [4, §3] the construction of irreducible arithmetic lattices 
acting on products of hyperbolic planes. Let be the hyperbolic plane. 
For n = 1, 2 let G (resp. X) be the product of n copies of SL2(M) (resp. H^). 
Let K he a totally real number field and A a quaternion algebra over K. We 
assume that A is unramified at exactly n archimedean places of K. Then 
there is an algebra surjection vr : R 0k A M2(M)" whose kernel is a 
product of copies of the Hamilton quaternion algebra over M. 

Let O be an order of A and let be the multiplicative subgroup of 
elements with reduced norm one to K. Then tt{0^) is a lattice in SL2(M)". 
A lattice F < SL2(M)" is arithmetic when a conjugate of F is commensurable 
with a group vr(O^) constructed in the above way. We will always replace F 
with a conjugate and assume that it is commensurable with 7r{0^). 

When n = 1 such F are arithmetic Fuchsian groups. When n = 2, 
a lattice F < G is irreducible if its projection onto any factor is dense in 
the analytic topology. A lattice fails to be irreducible in this case if and 
only if there is a finite index subgroup that is the direct product of two 
Fuchsian groups. All irreducible lattices in G are arithmetic by Margulis's 
Arithmeticity Theorem |17] . 
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For n = 1,2, two arithmetic lattices Fi and F2 are commensurable if and 
only if the associated quaternion algebras are isomorphic. Therefore, up to 
conjugacy in SL2(M)"', commensur ability classes of irreducible arithmetic 
lattices acting on (H^)" are in one-to-one correspondence with totally real 
fields K and i^-quaternion algebras ramified at all but n real places of K. 
An arithmetic lattice F is cocompact if and only \i A ^ M2(i^). 

Proposition 2.1. Suppose n = 2 and F C SL2(M) x SL2(M) is an irre- 
ducible lattice commensurable with vr(O^) for an order O in a quaternion 
algebra A over the totally real number field K. Then, there is a one-to-one 
correspondence between 

1. commensurability classes of arithmetic Fuchsian subgroups ofT and 

2. degree two sub fields Kq C K and quaternion Ko-subalgebras B CZ A 
such that A = K ®Ko B. 

In particular, F contains infinitely many commensurability classes of arith- 
metic Fuchsian groups if and only if it contains one arithmetic Fuchsian 
subgroup. 

Proof. The correspondence between {1) and {2) follows from analyzing the 
possible simple subalgebras of A. The last statement follows from the fact 
that K ®Ko B = K ®Ko B' whenever B' is another quaternion algebra over 
Kq such that the places of Kq that ramify in exactly one of B or B' do not 
split in K. □ 

2.3 Lattices acting on 

First, we quickly recall the standard construction of H^. See [9l Chapter 3] 
for further details. Let F be a rank 3 vector space over C and h a hermitian 
form on V of signature (2,1). If V- denotes the subspace of /i-negative 
vectors, then is the space P(VL) of /i-negative lines. There is a natural 
biholomorphism from with the metric determined by h to the unit ball 
in with the Bergman metric. 

Holomorphic embeddings of in arise from rank 2 subspaces of 
V on which the restriction oi h io V has signature (1,1). Taking the h- 
orthogonal complement, it follows that holomorphic totally geodesic em- 
beddings of into are in one-to-one correspondence with /i-positive 
lines in V. See P §3.3.1] and ^ §12.2]. 

By [21 Chapter 8] the only arithmetic lattices in SU(2, 1) which contain 
totally geodesic surfaces are those of so-called simple type (also sometimes 
called first type). These are defined as follows. 
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Recall that a CM pair K/Kq is a totally imaginary quadratic extension 
of a totally real number field. Let z i— > z be the nontrivial automorphism 
of K over Kq and /i be a hermitian form on such that h is indefinite 
at precisely one Gal{K / Kq) pair of embeddings of K into C. Replacing h 
with —h if necessary, we assume that h has signature (2, 1) at the place of 
K where it is indefinite. 

If O is the integer ring of K, the /Co-algebraic group 

SU(/i) = {x G SL3(K) : = /i}, 

contains the discrete subgroup = SU(/i) n SL3(0). Then projects to 
a lattice in SU(2, 1), since h is indefinite above exactly one real embedding 
of Kq. It is known (see [241 §1.2]) that the commensurability class of in 
SU(2, 1) depends only on K, not the choice of hermitian form. The lattice 
F^ is cocompact if and only if Kq ^ Q. 

The following classifies and parametrizes the possible commensurability 
classes of arithmetic Fuchsian subgroups of arithmetic lattices in SU(2, 1) of 
simple type. Since we do not know of a reference in the literature we give a 
complete proof. 

Theorem 2.2. Let F < SU(2, 1) he an arithmetic lattice of simple type 
with associated CM pair K/Kq. Then, there is a one-to-one correspondence 
between 

1. commensurability classes of arithmetic Fuchsian subgroups ofT corre- 
sponding to totally geodesic projective algebraic curves on F\H^ and 

2. Ko-quaternion algebras A ramified at all but one infinite place of Kq 
and at any finite set of nonarchimedean places which do not split in 
K/Ko. 

In particular, any such F contains infinitely many distinct commensurability 
classes of such arithmetic Fuchsian subgroups. 

Proof. Assume that h is a hermitian form on V = that is indefinite 
above exactly one archimedean place of Kq. Let W = C V be the h 
orthogonal complement of a line in V which is /i-positive at the archimedean 
place of Kq over which h is indefinite, and let hw be the restriction of h to 
W . By our earlier discussion of holomorphic embeddings of into H^, the 
pair [W, hw) determines a maximal arithmetic Fuchsian subgroup Sty of F 
associated to a holomorphic curve on F\H^, and all such curves arise in this 
way. We now proceed to determine the iTo-quaternion algebra associated to 
the commensurability class of this arithmetic Fuchsian group S^y. 
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After choosing a i^-basis for W, there is a natural homomorphism from 
T,]y to GL2{K). Furthermore, the iCo-subalgebra B ofM2{K) generated by 
is four-dimensional and noncommutative, so it is a quaternion algebra. 
Since hw is indefinite at exactly one infinite place of Kq and B embeds into 
M.2{K), B must satisfy condition [2) oi the theorem. 

Conversely, suppose i? is a quaternion algebra over Kq satisfying the 
conditions in [2). We must show that there is a commensur ability class 
of arithmetic Fuchsian subgroups of F associated with B. Condition {2) 
implies that we have an embedding of K into so i? is a two-dimensional 
left vector space over K. The nontrivial automorphism of K over Kq extends 
to an anti- involution z ^'z oi B over Kq . 

There is a left ET-Iinear action of B on itself under which z £ B acts on 
a; € -B by X i-> X • z. This is a Ko-algebra embedding of B into Mat2(i^'). 
Let Ti : B ^ K he the composition of this embedding with the trace. 
Identifying B with K^, we obtain a hermitian form on K^ by 

hBix,y) = Tr(xy), 

for x,y £ B. 

Now, consider the hermitian form Hb on K^ defined as follows. Write 
K^ = W (B i, where W is two-dimensional over K and £ is a line over K. 
Let the restriction of Hb to W be hs, let i be ffs-orthogonal to W, and 
let the i/^-norm of some generator of i be det(/i)/ det(/iB) in Kq. Then 
det(/i)/ det(/iB) is totally positive since condition (2) implies that det(/i5) 
has the same sign as det(/i) at every archimedean place of Kq. By [26^ 
Chapter 10, Example 1.8(iii)], K^ equipped with Hb is isomorphic as a 
hermitian vector space to K^ equipped with h. Let B^ be the group of 
elements in B with reduced norm 1 to Kq. Then the action of -B^ stabilizes 
/iB, so B^ embeds in the stabilizer of W inside SU(/i). We conclude that 
Fni? is an arithmetic Fuchsian subgroup of F and that the commensurability 
class of this group is associated with B. This completes the proof. □ 

3 The proof of Theorem [Q] 

In this section we assume familiarity with basic complex algebraic geometry, 
e.g., from [11]. Let S be a complex surface, D = Oij^j be a divisor on S 
with irreducible components Cj, and let ( , ) denote the intersection pairing 
on S. Since this pairing only depends on the homology class of an algebraic 
cycle on 5, we will abuse notation and use D to denote the divisor or its 
class in H'^{S;'L). A divisor D is positive when {D,D) > 0. 
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We will say D is reduced if D = ^ Cj for some finite set {Cj} of distinct 
irreducible curves, and a divisor D' is supported by D \i D' = ^otjCj for 
some coefficients aj > 0. We say D' is precisely supported by D if aj > 
for every j, i.e., if D' is an effective divisor with irreducible components 
exactly the irreducible components of D. For any D' supported by D, let 
\D'\ be compact analytic subspace of the complex points of S that is the 
union of the spaces defined by the Cj for which aj > 0. If D' is precisely 
supported by D, then 7ri(|Z)'|) and 7ri(|Z)|) are both equal, by definition, to 
the fundamental group of the topological subspace of S that is the union of 
the complex points of the Cj; note that this is not in general the subgroup 
of 7ri(5) generated by the groups 7ri(|Cj|). 

We now introduce some notation specific to our situation. Let S = T\X 
be a quotient of either x or by an irreducible cocompact lattice. 
To prove Theorem 11.21 it suffices to pass to a subgroup of finite index, so we 
may assume T is torsion free and S is smooth. We keep this assumption for 
the remainder of this section. 

A Fuchsian curve on S" is a totally geodesic holomorphic immersion of a 
cocompact quotient of into S. Fuchsian curves are always irreducible. A 
Fuchsian divisor on S is a divisor D = ^ ^j^j such that every irreducible 
component Cj is a Fuchsian curve, where the aj are arbitrary integers. We 
call D a reduced Fuchsian divisor when F) = '^Cj is a reduced divisor on 
S such that the Cj are distinct Fuchsian curves. 

To prove Theorem 11.21 we apply a so-called Weak Lefschetz Theorem. 
The first such theorem is due to Nori [22], with later contributions by 
Napier-Ramachandran |21] and Campana [5]. Our approach is closely re- 
lated to [5], but uses a result from [21]. Our proof uses the following result, 
which follows from setting i? = in Theorem 1.1 of [21] (see also [5l Lemma 
2.5 and Prop. A.B.I]). 

Theorem 3.1 (Napier-Ramachandran). Let U he a connected complex man- 
ifold, let S he a connected smooth projective variety of dimension n> 1, let 
$ : [/ S be a holomorphic map, let Y he a connected compact analytic 
subspace (not necessarily reduced) ofU, and let U be the formal completion 
of U with respect to Y. Assume that 

(i) <I> is locally biholomorphic, and 

(a) dimH''(C/, (!)(<I>*L)) < oo for every holomorphic line bundle L on S. 
Then the image of tti{Y) T^iiS) has finite index. 

Our Weak Lefschetz Theorem for Fuchsian divisors is the following. 
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Theorem 3.2. Let D = be a reduced Fuchsian divisor on S = T\X , 

where X is x or and T is a torsion free cocompact lattice in 
Isom(X) . Suppose that the support of D is connected and that D precisely 
supports a positive effective Fuchsian divisor D' on S such that 

{D',Cj) > for all j. (★) 

Let ttd' ■ Sd' —^Sbe the etale covering of S determined by the image Tdi of 
7ri(|L>'|) = 7ri(|D|) in T under the homomorphism induced by the inclusion 
on D' into S. Then vr/j/ is a finite morphism, i.e., the image o/7ri(|D'|) in 
T is a finite index subgroup. 

Proof. By definition, Sd' is the maximal covering of S to which a sufficiently 
small topological neighborhood of \D'\ lifts isomorphically. Let D, D', and 
Cj denote the lifts of D, D', and Cj to 5^1'. The analytic spaces defined 
by these divisors are isomorphic to their images in S under the covering 
projection, and D' is a positive Fuchsian divisor on Sd' satisfying 

Let Y = \D'\ and let f7 be a small connected neighborhood of Y in ^^i'. 
Then y is a connected compact analytic subspace of U, though it is not 
necessarily reduced. We may assume that C/ is a complex manifold, and 
then the restriction ^ : U ^ S of the covering map tt : Sd' ^ S is a local 
biholomorphism. To apply Theorem 13.11 we must show that condition (ii) 
of this theorem holds. 

Let U be the formal completion of U with respect to Y. The ideal 
sheaf / = /y of y is Ou{—Y), and structure sheaf of the k^^ infinitesimal 
neighborhood Yf^ olY in U is Oy^. = Ou /Ou{—kY). For any line bundle L 
on S, we have 

H°(C/,o75*^)) = lmiHO(yfc,«>*L0C'yJ, (1) 

k 

and we have an exact sequence 

^ HO(y, $*L0(/V/'=+')) ^ HO(yfc+i, <^*L0Oy,^,) ^ HO(yfc, <^*L®Oy,). 

Therefore to show that ([1]) is finite dimensional, as required in condition 
(ii) of Theorem EH it suffices to show that H°(y,^>*L (1*=//^+^)) = 
if k is sufficiently large. Since y is a Cartier divisor on the smooth sur- 
face S, it is Cohen-Macaulay and projective. By Serre duality (see [l2l 
Thm. in.7.6(ii)]) together with flat base change for cohomology, it suffices 
to show that (///^)~^ = C'(y)|y is an ample line bundle on Y. By |151 Ex- 
ample 1.2.28(ii)], it is enough to prove that for all j the Euler characteristic 
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x{0{mY)\Q ) goes to +00 as m — )• +00. This is an immediate consequence 
of condition Q together with the Riemann-Roch Theorem for the (possibly 
singular) curve Cj (see [121 Ex. IV. 1.9]). Therefore Theorem 13.11 applies, so 
the image of 7ri(|D'|) = vridL)'!) in 7ri(S') has finite index. This completes 
the proof of the theorem. □ 

To prove Theorem 11.21 we now must show that any S satisfying the 
conditions of the theorem contains a divisor D as in Theorem 13.21 We begin 
with the following lemma (see O Lemma A.A.I]). 

Lemma 3.3. Let S be a complex surface, not necessarily compact, and let C 
he a reduced compact connected curve on S. Write C = |J Cj for a collection 
{Cj}j of distinct irreducible compact curves Cj. Exactly one of the following 
occurs. 

1. If C is a non-zero divisor supported on C then {C',C') < 0. 

2. There exists a divisor Dq = ^otjCj such that aj > for all j, 
(Do J -Do) = 0, and for any effective divisor D supported on C we have 
{D,D) < with equality if and only if D is a multiple of Dq. 

3. There exist integers aj > such that the divisor D' = Yl'^j^j 
positive and {D' , Cj) > for all j. 

Note that (5) in Lemma 13.31 is the same as condition (0) in Theorem 
13.21 To prove Lemma 13.31 one can rephrase it as a statement about in- 
decomposable quadratic forms that was first proved by Vinberg |29j (note 
that Vinberg uses a form with negative off-diagonal entries, which reverses 
the roles of positive and negative vectors). We make some comments about 
how to deduce Lemma [3. 31 from [29]. That the restriction of the intersection 
form to the subspace of H'^{S; Z) is indecomposable is a direct consequence 
of the connectedness of the reduced curve C. Since the intersection matrix 
is real and symmetric, it is diagonalizable over R with real eigenvalues. The 
matrix is nonsingular (resp. has rank one less than its size) if and only if all 
its eigenvalues (resp. all but one of its eigenvalues) are nonzero. The Lemma 
is now clear from combining Theorem 3 and Proposition 12 of |29j . 

We now state the existence theorem for positive effective Fuchsian divi- 
sors that will complete the proof of Theorem 11.21 

Theorem 3.4. Let S be a smooth compact irreducible arithmetic quotient 
of X H-^ or Hq, and suppose that S contains a Fuchsian curve. Then 
there is a connected reduced Fuchsian divisor D on S such that D precisely 
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supports a positive effective Fuchsian divisor D' on S for which condition 
(jij) of TheoremW^ holds. 

Proof. Note that under the assumptions of the theorem, S contains infinitely 
many commensurabihty classes of Fuchsian curves by Proposition 12.11 and 
Theorem 12.21 Since H2{S,Z) is finitely generated and S contains infinitely 
many distinct Fuchsian curves, we conclude that there is a linear dependence 
between homology classes of Fuchsian curves, and thus are effective Fuchsian 
divisors Di and D2 on S such that Di and D2 share no common irreducible 
component, Di is not the zero divisor, and we have an equality [Di] = [D2] 
in H2{S,'L). It follows from invariance of the intersection pairing under 
homological equivalence that 

(L>i,Z)i) = (1)1,^2) >o. 

Since {Di,Di) is the sum of the self intersections of the connected com- 
ponents of Di, there must be a connected component D[ of Di that is an 
effective Fuchsian divisor with {D[,D[) > 0. 

Let D = ^Cj be the connected reduced Fuchsian divisor determined by 
D'^. If {D[,D[) > 0, we are done by (3) in Lemma [33] by taking D[ = D'. 
If {D[,D[) = 0, we claim that there exists a Fuchsian curve Co on S such 
that: 

1. Co is not one of the irreducible components of D; 

2. {D,Co)>0. 

Assuming the claim, there is an integer > such that D' = Cq + ND[ is 
a connected effective Fuchsian divisor precisely supported on Co + with 
{D',D') > 0, which completes the proof of the theorem as argued above. 

To prove the claim, let Cq be any Fuchsian curve on S such that Cq is not 
commensurable with any Fuchsian curve in the support of D. Such a curve 
exists since S contains infinitely many distinct commensurabihty classes of 
Fuchsian curves. We will prove that there is a curve Cq on S commensurable 
with C^ such that {D,Co) > 0. 

Fix any irreducible component Ci of the support of D, let Si be a 
representative for the conjugacy class of arithmetic Fuchsian subgroups of F 
associated with Ci and Sq a choice of Fuchsian subgroup associated with Cq . 
Let Fj : X, j = 1,0, be the holomorphic totally geodesic embedding 

of universal coverings associated with the choice of Si and Sq, respectively. 

Consider the commensurator Comm(r) of F in G = Isom(A), that is, 
the subgroup consisting of those g & G such that F and gTg~^ are commen- 
surable. By Comm(r) is a dense subgroup in the analytic topology on G. 
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Let ipo be any element of G so that 0o(-fb(H^)) intersects Fi(H^) transver- 
sally in a single point. By density, we can approximate (j)ohy (j) (z Comm(r) 
so that (/)(i<o(H^)) satisfies the same condition. Then (pr(j)~^ is a lattice in 
G with Fuchsian subgroup (/)Sq(/)~^ stabilizing </)(Fo(H^)). 

Since (j) commensurates F, = Fn {(j)T,Q(j)~^) is a Fuchsian subgroup of 
F stabilizing (/)(Fo(H^)). Let Sq 5 S,^ be the maximal Fuchsian subgroup 
of F stabilizing (/>(i<o(H^)). This determines a Fuchsian curve Co on 5 
commensurable with Cq and, since (/)(i<o(H'^)) intersects -Fi(H'^) nontrivially, 
Co intersects Ci nontrivially and transversely in S. 

If Co = Cj, for some Cj supported on D, then Cq and Cj would be 
commensurable, since Co and Cq are commensurable. Since our assumptions 
imply that Cq is not commensurable with any Gj, we see that Cq is not an 
irreducible component of C and that Co + -D is a reduced Fuchsian curve 
on S that precisely supports the positive effective Fuchsian divisor D' = 
Co + ND[, for chosen as above. This completes the proof of the claim, 
and thus the proof of the theorem. □ 

Proof of Theorem Let S satisfy the conditions of Theorem 11.21 Then 
Theorem 13.41 applies, so there is a Fuchsian divisor on S satisfying the 
conditions of Theorem 13.21 Theorem 11.21 follows immediately. □ 

Remark. The existence of positive effective Fuchsian divisors would, of 
course, be trivial if embedded Fuchsian curves have positive self-intersection. 
However, an embedded Fuchsian curve of genus g on a smooth compact 
complex hyperbolic surface has self-intersection (1 — g) [101 Corollary 2.3]. 
One can similarly show in the x setting that the self-intersection is 
2(1-5). 

Remark. We now note that one can give upper bounds for the number of 
Fuchsian curves that appear in Theorem 11.21 Key in the proof is finding a 
linear dependence between the homology classes of Fuchsian curves inside 
H2{S;'L). Since Fuchsian curves lie in H^'^{S), an upper bound for the 
number of curves is dimjg //^'^(S*) + 1. Using Hirzebruch Proportionality 
and Noether's Theorem, one can show that 

^eiS) + l (X = H2xH2) 

le{S) + 2 dimc(Alb(5)) + 1 {X = UD 

curves suffice, where e{S) is the topological Euler characteristic and Alb(S') 
the Albanese variety (see §1]). Since Euler characteristic is proportional to 
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volume, one can express 6(5") in terms of the algebraic group associated with 
the surface S via volume formulas for arithmetic lattices. See [3j and [24] 
for precise descriptions of these formulas for (H^)" and H^, respectively. 

4 Albanese varieties of arithmetic complex hyper- 
bolic 2-manifolds 

In this section, let S = T\X be the quotient of X = by a torsion free 
cocompact arithmetic lattice of simple type. The Albanese variety of S is 
the minimal abelian variety Alb(S') such that any holomorphic mapping of 

5 to an abelian variety factors through a map to Alb(5') (see (TTJ p. 331]). It 
was first shown by Kazhdan |14) that S always has a finite sheeted covering 
S' with nonzero first betti number, which occurs if and only if S' has a 
nontrivial Albanese. The Albanese variety of a complex projective algebraic 
curve C is its Jacobian variety Jac{C). 

Proof of Theorem Let T be as in the statement of the theorem, and let 
f : S ^ Ahe the projection of S = r\H^ onto a simple factor A of Alb(S'). 
By im p. 331] this induces a surjective homomorphism 

r :r^Z" = Fi(^,Z), 

where n = dimiR(j4). 

Let Ci,...,Cr and D = Yl^i^j be as in Theorem 11.21 The image 
r' of 7ri(]-D|) in V has finite index in T. Consider the induced continuous 
mapping from to the simple abelian variety A. The image of the induced 
homomorphism 7ri(|D|) ^ has finite index in Z" since V has finite index 
in r and r : F ^ is surjective. 

Suppose that there an irreducible component Cj of D whose image under 
/ : 5 — 7- A is not a point. Then f{Cj) is a curve, and the map from the 
normalization Cj of Cj to f{Cj) is finite and factors through the Abel- 

jj II jj 

Jacobi map from Cj to Jac{Cj ). Therefore Jac(Cj ) has nonzero image in 

A and, since A is simple, j4 is a quotient of Jac{CY). 

Thus we can now suppose that the image of each Cj under f : S ^ A 
is a point. Since D is connected, it follows that f{\D\) is a point on A. 
However, this implies that a sufficiently small neighborhood of jZ?! maps to 
a contractible neighborhood of a point on A. It follows immediately that 
7ri(]L'|) has trivial image in Z", which is a contradiction. This proves the 
theorem. □ 
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It would be interesting to know the following converse (cf. Corollaire 6 
in the Introduction to [2]). 

Question. Let S be a compact complex hyperbolic surface and C a Fuchsian 
curve on S. Does there exist a finite etale covering S' of S such that Jac{C'^) 
is isogenous to a factor of Alb(5)? 

When S is arithmetic of simple type and vri [S) is a congruence arithmetic 
lattice, Alb(S') has complex multiplication [20J. However, one can construct 
Fuchsian curves C on certain congruence surfaces S such that Jac{C'^) is not 
CM, i.e., there exist congruence arithmetic Fuchsian groups such that the 
Jacobian does not have complex multiplication. Therefore, even when S and 
C are congruence, a positive answer to the above question will necessarily 
require a better understanding of noncongruence coverings. 

Remark. It was originally shown by Matsushima-Shimura [18j that irre- 
ducible quotients of x have trivial first cohomology over C, and thus 
have trivial Albanese variety. In particular, the results in this section are 
trivial for irreducible lattices in SL2(M) x SL2(M). For reducible quotients, 
the Albanese is easily seen to be isogenous to a product of Jacobians. 
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